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INSTRUCTIONS: Answer question one and any other two questions

QUESTION ONE (30 MARKS)

a) Definetheterms:

i A connected set (2 mark)
ii. A path in atopological space X (2 mark)
iii. Homotopic paths (2 marks)
V. Cover of asubset A of atopologica space X (2 marks)

b) Consider thetopology ¢ ={x,¢{a,b,c}.{c.d,e{cy}onX ={a,b,c,d, €}
Show that the subset A={a,d, €} of xis disconnected (6 marks)

c) i. Statethefinite intersection property of atopological space X (2 marks)

ii. Prove that the class of open intervals A= {(01)(0%)(0%)(0%]}

statisties the finite intersection property (5 marks)
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d) Provethat continuous images of arc wise connected sets are arc wise connected
(5 marks)
e) i. Define acompact subset of atopological space X (2 marks)
ii. Giventhat A=(0,)isan open interval of thereal lineR, prove that A isnot compact

inR (4 marks)

QUESTION TWO (20 MARKS)

a) i. Define adisconnection of asubset A of atopological space X (2 marks)
ii. Let GUH be a disconnection of asubset A of atopologica space. Provethat A N G and

A N H are separated sets (8 marks)
b) Giventhat A isacompact subset of a Hausdorff space X and suppose that PeX \ A. Show
that there exist open sets G and H such that PeG,ACHand GNH = @ (5 marks)

QUESTION THREE (20 MARKYS)

a) i. Distinguish between a sequentially compact subset of atopological space X and a
countably compact subset of X (4 marks)

ii. Prove that a continuous image of a sequentially compact set is sequentially compact

(5 marks)

b) Prove that every bounded closed interval A= [a, b] is countably compact (8 marks)

QUESTION FOUR (20 MARKYS)

a) Definetheterms;
I Product topology for topological spaces x and y (3 marks)
ii. Basic neighbourhoods of (x, y)eXxY (2 marks)
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b) Consider thetopology T ={X,¢,{b},{a, C}} onX = {a, b, c} and let thetopology T*
{v,0,{V}}of Y ={u,v}
I Determine the defining subbase of the product topology on XxY (10 marks)

ii. Determine the defining base for the product topology on XxY (5 marks)

QUESTION FIVE (20 MARKYS)
a) Let X be atopological space. Show that the following conditions are equivalent
i. X is disconnected

ii. There exists a non-empty proper subset of X which is both open and closed

(7 marks)

b) Consider theintervals A=(0,1),B =(1,2) andc =[2.8) of R. Prove that
i. A and B are separated sets (4 marks)
ii. B and C are not separated sets (4 marks)

c) Show that asubset E of thereal line R containing at least two pointsis connected if and

only if Eisaninterval (5 marks)
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