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INSTRUCTIONS: Answer guestion one and any other two questions

QUESTION ONE (30 MARKS)

a) Let Sbeanon-empty subset of R . Define the terms upper bound, lower bound,
supremum and infimum of S (4 marks)

b) Find the supremum, infimum, maximum and minimum of the following setsif they exists

. 31:{(—1)“(1+%):nDN} 2 marks)
i 52:{r DQ:—lsrs\/E} (2 marks)
c) i. Define an open set (2 marks)

ii. Prove that the intersection of afinite collection of open setsis open (5 marks)
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d) Statethe definition of convergence of a sequence of real number (a,,), neNto alimit aeR,
2n

and use this definition to show that — 1 lasn - oo (7 marks)
n
e) i. Define conditional convergence of asequencein R (4 marks)
00
ii. Show that the series D" (=)™ (%) is conditionally convergent (6 marks)
n=1
QUESTION TWO (20 MARKYS)
a) i. Define continuity of afunction f:S - R (3 marks)
x> -4
ii. Show that the function f(x) =4 — o B iscontinuous at x = 2 (4 marks)
4 *=
2x* =3x+1 y 21
b) i. Show that the function f(x) = x—1 1 isdiscontinuousat x =1
5 X7
(4 marks)

ii. How should f (x)in b(i) above be defined to make it continuousat x =1?

(3 marks)
c) i) Define uniform continuity of afunction f :s - R (2 marks)
I1) Prove that the function f (x) = 2xis uniformly continuous on R (4 marks)
QUESTION THREE (20 MARK)
a) i. Define a Cauchy sequence (2 marks)
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b)

ii. Show that the sequence ( 1 j is a Cauchy sequence (6 marks)

2"
i. Define the terms limit superior and limit inferior (2 marks)

ii. Prove that a sequence (xn)of real numbers converges if and only if limit superior and

limit inferior are equal (6 marks)

let x =(0,]] CR. Using the sequence x, = (ij in X show that not every Cauchy sequence
n

is convergent (4 marks)

QUESTION FOUR (20 MARKYS)

a)

b)
c)

i. Define a closed set (2 marks)
ii. Prove that aset SCR isclosed if and only if s°isopen (6 marks)
Prove that the union of any finite number of closed setsis closed (5 marks)
i. Defineacompact setin R (3 marks)
ii.let H = [0, oo] . Show that H is not compact (4 marks)

QUESTION FIVE (20 MARKS)

a)

b)

d)

Define the following

i. Even number (1 mark)

ii. Rational number (2 marks)

iii. Interior point of aset S (2 marks)

i. State the completeness axiom of the set R of real numbers (2 marks)

Prove that +/3isirrational (5 marks)

Given that aand b are rationals with b # Oand Sisan irrational number such that
J3-1

a—bs=t.Provethat tisirrationa. Hence show that isirrational (8 marks)

V3+1
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