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INSTRUCTIONS: Answer Question ONE and any other TWO questions.

QUESTION ONE (30 MARKYS)

a) Explain the following terms;

I. A sigma-algebra (3 Marks)
il. Measurable set (2 Mark)
ii. Measurable function (2 Marks)

b) Prove that a sigma-algebra is closed with respetetking countable intersections.

(5 Marks)
c) Prove that the functiofi(x) = C, VxeX andC is a constant, is measurable.
(5 Marks)
) 1, x€eA
d) Letf:X — R and letd be a non-measurable subseRoDefinef (x) = {_1 2eAC
Prove thaif? and|f| are measurable byitis not measurablR. (6 Marks)
e) State, without the monotone convergence theorem. (3 Marks)
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f) Given that subsets A and B Bfare lebesgue measurable, prove #i@aB amdA U B of R

are lebesgue measurable. (5 Marks)

QUESTION TWO (20 MARKYS)
a) Let f: X - Y be a function. IfY is a stigma algebra of subsetsYofprove that the class
{f"1(E):EeY} is a sigma algebra of subsets of X. (10 Marks)
b) Letf:X — R, be measurable. Prove tHatX: f(x) =«,x €R.} is measurable.
(10 Marks)

QUESTION THREE (20 MARKYS)

a) i. Define a simple functiori: X — R. (2 Marks)
ii. Define an integrable functiofiover a measurable spa¢&, Xu). (2 Marks)

b) given thatf andg are integrable functions, prove thak eR;

I. « f andf + g are also integrable. (6 Marks)
i. [ o fdu = [ fdu (3 Marks)
i [(f+g)du=[fdu+ [ gdu (7 Marks)

QUESTION FOUR (20 MARK S)

a) Given that(f,)7 is a sequence & measurable function: X — R, prove that’
I. fivuf,U..Uf, and
il. finf,N...Nf, areX-measurable. (8 Marks)

b) Letf:X — R, beX-measurable function. prove that the truncatiorctiom

f@), If(x) <Al
fa)=1 4, f(x)>A
-4, fx)<-A

is X-measurable. (8 Marks)

c) Let (f,)7 be a sequence a&f —measurable function: X — R, show that the set of points

over which(f;,) converges point wise ¥ — measurable. (4 Marks)
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QUESTION FIVE (20 MARKYS)

a)

b)

d)

Define the terms:

I. Complete measure (2 Marks)

il Simple function (2 Marks)
State without proof the Fatou’s Lemma. (2 Mark
Explain the meaning of a proposition holds almestrgwhere. (2 Marks)
Given thatX = R, and M is the set of all measurable subset®oprove that the space
(R, M, i) is complete. (8 Marks)
Prove that every countable set has a measure zero. (4 Marks)
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